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Abstract
Following the method developed by V.H. Nguyen [31] we improve the sharp weighted trace Hardy
inequality on the half space in the Finsler context. The obtained inequality extends the results obtained in [23, 29]
in the Euclidean to the Finsler contexts and generalizes the result in [5] to the sharp weight context. Keywords:
Sharp Weighted trace Hardy inequality, Finsler norm, hypergeometric functions.
1 Introduction
Here, we are interested in studying the weighted trace Hardy inequality on the half spaces endowed with a Finsler
norm. For e > 0, we denote by R3+¢ = R2+¢ x (0, o) the half space, i.e.,
R3+¢ = {(x,1 + €) € R3+e:x € R2+¢,€ > 0}.
Its boundary is dR3+¢ = {(x, 0): x € R2+¢} which we identify with R2+¢, Given 0 < € < 2, which plays the role

of dimension in our analysis and define the weight function we-1(x, 1 + €): = (1 + €)¢-Lon R3+e,  _ +
Let W(]Rf%,w 1) denote the weighted Sobolev space on ]R{iﬁ which’is the completion of CC;([R{”Q
€= +

under the Dirichlet norm
1
2

w1y wdten )= 3 |Vu|iwe-1dxd(1 + €)) ,
i | 3+e
]R+ .
: - W J. . y
here we say a function u; € C(IR3¢) if it is the restriction to R3+¢ of a function in C*(R3+*¢). In [4, 29],

the following weighted trace |Q|ard§/r inequalities were established for functions uj € I/i/o(]R3+6, wo)
+ e—1

% uj(x, 1+ €)2
Vu |21+ e ldxd(l+€) > —J = ! 1+ € ldxd(1 + €
IRTEZ V|2 (1 + ) ldxd(1 + €) = - . i LT O TdxdA e
J
! uj(x, 0)?
+HR+ee—-12+60) ) X i & (1.1
R2+ej IXl €

forany e > 0, where H(2 + €, — 1,2 + €) is given by 4st 4
FOTCE S 2D
DM —oor ) (1.2)
2—¢ 3€

€
N N o9 IND)
Hence the constant H(2 + €, € — 1,2 + €) is sharp and never achieved. See [23] for a generalization of (1.1)
to the polyhedral convex cone. The interest of (1.1) is that it contains two important inequalities which are
the sharp weighted Hardy inequality and the sharp weighted trace Hardy inequality. Indeed, we have H(2 +
e—124+€)—>0as(2+¢€) = 2(1 +¢€),s0byletting2 + € —» 2(1 + ¢€), the inequality (1.1) implies the
sharp weighted Hardy inequality in half space

f3+ Y [Vui|2(1 + €)¢ldxd (1 + €)
Ry

H2+e6e—12+€) =2

| uj(x,1 + €)?
> €2 1+ e)¢ ldxd(1 + e). 1.3
Tl T TS (13)

Again, the constant g— is sharp in (1.3) and is never achieved. Taking € = 0, the inequality (1.1) reduces to
the sharp weighted trace Hardy inequality

J 3 > |Vw|2(1 4 €)¢tdxd(1 + €)
R +€

i
2
I uj(x, 0)
>2(—) S > }—_dx. (1.4)
|X|2 €
F(Z) R2+€
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Again, the constant 2 (_F((;l)) in (1.4) is sharp and is never attained. The case € = 1, the inequality (1.4)
2

becomes Kato's inequality (see [4, 13, 15]). By a result of Caffarelli and Silvestre on the extension problem

concerning to the fractional Laplacian [11], the inequality (1.4) is equivalent to the Hardy inequality for
fractional Laplacian on R2+e¢ or fractional Hardy inequality [21] (see also [7, 19] for alternative proofs).
Both the Hardy type inequality and the trace Hardy type inequality have many applications to boundary
value problems in partial differential equations and nonlinear analysis.

They have been developed by many authors in different setting and methods, see for e.g. [3-5, 16, 17, 23,
29].

We extend the inequality (1.1) to Finsler context. The interest in the so-called Finsler geometry arose from
the works of G. Wulff on crystal shapes and minimization of anisotropic surface tensions in 1901 and it is
becoming increasing important in different contexts, as in the field of phase changes and phase of separation
in multiphase materials (see, e.g., [6, 8]). This justifies the necessity to extend to Finsler case many of the
classical tools, which are useful in classical variational problems. The basic idea is to endow the space RV
with the distance obtained by a Finsler metric and to extend classical results to such a new geometrical
context. For example, the Finsler Hardy inequalities were recently established in [22] (See also [24, 26-28]
in which the Hardy inequalities were established in the more general context of heomogeneous groups).
See [2, 30] for the symmetrization method related to the Finsler norm with applications to Sobolev type
inequalities and to comparison results for several partial differential equations.

For H be a Finsler norm on R2+¢, ¢ > 0 and H° is its dual norm (see Section 2 for the precise definition of

Finsler norm and the dual norm). We then define a new norm & on R3+¢ by
1

P(x,14+¢€)=(HX)?2+ (1+¢€)2)2 (x,1+€) € R3+e (1.5)
The dual norm of @ is given by
1
P (x,14+€) = (Hx)?2+ (1+€)?2)2 (x,1+¢€) € R3+e, (1.6)

We have the following sharp weighted Finsler trace Hardy inequality on the half space.
Theorem 1.1 (see [31]). Given e = 0 and 0 < € < 2. Let H be a Finsler norm on R2+€ and H° be its dual
norm. For any € > 0, the following inequality

€? uj(x, 1+ €)?
J > ou)2( + e ldxd(1 + €) = — f X o A oTdxd(1+ )
R3++ej 4 RS ; d(x, 1+ ¢€)
uj(x, 0)?
+HQ2+€6e—12+ — ,
2+e¢¢€ e[ Rm%: H (< dx (1.7)

holds for any u; € W(R§+f,w€_1), where & and @- are given by (1.5) and (1.6) respectively, and H(2 +
€ — 1,2 + ¢€) is given by (1.2). Furthermore, the constant H(2 + €, € — 1,2 + €) is sharp and is never

attained.

We make some comments on Theorem 1.1. By taking H to be the Euclidean norm in R2+¢, Theorem 1.1

yields the inequality (1.1). Inthe case e = 1, Theorem 1.1 implies the Finsler Hardy-Kato's inequality which
recently was established by Alvino et al., (see [5])

2
S L2 e(Vu)xd(l+e) 2 % f - %dmu + €
R . .
R¢ i Eo w(x,0)°
r r uj(x, 0
+2 (1+46) (f) 2+EZ He(x) dx.(1.8)
I'( 4 )F(4) J

The Euclidean version of (1.8) was previously proved by [4].
By taking e = 0 in Theorem 1.1, we obtain the following sharp Finsler weighted Hardy trace inequality on
the half space

S 2 (V)21 + e ldxd(1 + €)

+e
]R+ j
2

r(
'@y
I'( 2 ) F(z) R2+e€ i

IJ]NRD2504280 International Journal Of Novel Research And Development (www.ijnrd.org) ‘ c474

uj(x, 0)2

/\lm

r
> 7— dx (1.9)



http://www.ijrti.org/

© 2025 IJNRD | Volume 10, Issue 4 April 2025 | ISSN: 2456-4184 | JNRD.ORG

forany u; € W (R3+¢, w__, ). The inequality (1.9) extends the weighted trace Hardy inequality (1.4) to the
Finsler context. Finally, by letting (2 + €) T (2 + 2¢), we get a sharp Finsler weighted Hardy inequality
on half space as follows

S > o(Vu)2(1 + e)cldxd(1 + €)
Riﬂ—t ]
>e2[ 3 Mu + e)eldxd(1 + €) (1.10)
- R ; do(x,1 + €)? ' '
forany u; € W (R3+¢, w,_,).
The proof of Theorem 1.1 follows the method developed in [23, 29] which is based on the factorization
technique. This method is different with the one used in [5] to prove Theorem 1.1 in the case e = 1. Indeed,
in [5] the authors obtained their result by using a classical method of Calculus of Variations introduced by
Weierstrass and developped by Schwartz, Lichtenstein and Morrey (see [20]). They construct a special free
divergence vector field on R3;¢ x R and then using divergence theorem to obtain their result. One

important ingredient in our method is the construction of a singular solution ¢ for the equation
Aop(x, 1+ €) + (e — 1) da+op(x,1 + €) 4 e p(x,1+e — 0, in R3+¢  (1.11)

1+e€ 4 &°(x,1+ €)? +
such that ¢(x, 0) = H°(x)¢, here As is Finsler Laplacian with respect to @ (see Section 2 for definition).
An explicit form of ¢ and its properties are given in Section 2 below. For a function u; € W (R3+e,w._;),
we factorize it as u; = vjp and replace this in to f[R_?:_+€ Y ®(Vu)2(1 + e)s'dxd(1 + €) and using
integration by parts to derive Theorem 1.1. The detail proof of Theorem 1.1 is given below.
We recall the definition of Finsler norm and list some its useful properties. We construct an explicit singular
solution for the equation (1.11) which plays an important role in our proof.
2 Preliminaries
Let N be an integer. A function H: RV — [0, o) is called a Finsler norm if it isa norm on R¥ and is strongly

convex in the sense that H € C2(RN \ {0}) and the Hessian matrix of H? (i.e., V2H? = (0% H?) ) is
Yy 1<ij<N
positive define. From the definition of H, there exist a, b > 0 such that
alx| < H(x) < blx|, x € RN, (2.1
let | - | denotes the Euclidean norm on RN. The dual norm (or polar function) He of H is defined by
He(x) = sup  (x,y), (2.2)

yERN, H(y)<1
and (-,-) denotes the canonical scalar product on RN. Notice that H°: RN — [0, o) is also a Finsler norm on
RN and the following equality

(H°)° = H, (2.3)
holds. From the definition of H°, we have 1 1
_|x| < H(x) < _|x], x € RV, (2.4)
b a
and the following Schwartz inequality holds true
[{x, )| < Hx)H*(y), x,y € R (2.5)

For references on Finsler norms (or, more general, on Finsler metric), see [6, 8].

We next recall some useful and further properties concerning to H and He whose proof can be found in [8,
Lemma 2.1 and 2.2] and in [30, Proposition 6.2] (see also [22, Proposition 2.1] for a review).
Proposition 2.1. Let H be a norm on RN which is C2(RN \ {0}). Then the following properties hold true
(i) (VH(x),x) = H(x) for x # 0.

(ii) VH((1 + €)x) = |1+€| VH(x) for (1 + €) # 0 and x # 0.
+e

(iif) H°(VH(x)) = 1 for x # 0.
(iv) H(x)VH(VH°(x)) = x for x # 0.
Given a Finsler norm H on R¥, the Finsler-Laplace operator Ay with respect to H is defined by

Anuj(x) = div(H(Vu)VH(Vu;)))(x)
for any function u; € C2(RN). Note that unlike the classical Laplace operator, the Finsler Laplacian is a
nonlinear operator. However, the strongly convexity of H ensures that Ax is a uniformly elliptic operator
locally. The Finsler Laplacian has been widely investigated and its notion goes back to the work of G. Wulff
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who considered it to describe the theory of crystals. Since then, many authors developed the related theory
in several settings, considering both analytic and geometric points of view (see, e.g., [8-10, 12, 14]).

3 Construction of Extremals

Given € 2 0,0 < e < 2and (2+ €) € [2,2 + 2¢). For a function u; on R3¢ its gradient is denoted by
Vuj = (Vxuj, da+euy) where Vau; = (0x,u), ..., 0x,, 1) isthe gradient in variable x of u;. LetH bea
Finsler norm on R2+e, We define a new Finsler norm @ on R3+¢ by (1.5). Its dual norm ®- is given by
(1.6). Considering the functional

J(uy) —f 2 O(Vu)A(1 + ) ldxd(l + €

£ = M(Her ldxd(L+6), uy € W (RS w ).
4‘ R3+e ' (O} (x 1+ 6)2 e—1
J

+
The Euler-Lagrange equation associated with functional J is given by
Aowj(x, 1+ €) + (e —1) da+eui(x, 1+ ¢€) +i uj(x, 1+¢) =0, in R3+e (3.1)
1+¢€ 4 ®°(x,1+ €)? +
which is nothing the equation (1.11). We construct a singular solution ¢(x,1 + €) of (3.1) such that

¢(x,0) = H°(x)~< To do this, we find the function ¢ in the forrr(1 v
1+e

px,14+€) =P°(x,1+¢€)" Ew(m
+ €)?

= (H(x)2+ (1 +¢€)2) Za)( ). (3.2)
H°(x)2 + (1 + ¢€)2
The next proposition shows that w is a solution of an ordinary differential equation which can be solved
explicitly.
Proposition 3.1 (see [31]). The function w is the solution of the following ordinary differential equation
€., 2
2z-Da' @+ ((1+e)z—-)w@+ (- ( > )w(z) =0, (3.3)
2 4
for z € (0,1] with the initial condition w(0) = 1 such that there exits the I|m|t lim:m w(z).
Proof. Recall that ®(x,1+ €)2 = H(x)?2 + (1 + €)2 and ®°(x, 1 + €)2 = H°(x)2 + (1 + €)2, hence for
any (x, 1+ ¢€) € R3*¢ it holds

Dd(x, 1+ e)VCDI(:x 1+4+¢€)=(Hx)VH(x),1+ ¢)
and then Ao = Aw + 02 2, hére Ax is'the Finsler Laplace operator 6n R2+¢ with respect to H. Therefore,
(1+€)
we have
Aop(x,14+€) = Anp(x,1+€)+ 02 20(x,1+ ¢).
(1+€)

By direct computations, we have

(1+ e
Vip(x,1+€)= —€e(H(x)?2+ 1+ ¢€)?2) 2 H (X)VH(x)w (
He(x)?2+ (1 + ¢)?
C2H 4 (L + )7 T (w 1+ 3.4
HG)? + (Lt o T VH W (a2 B
and
2
da+o@(x,1+ €)= —€e(H(x)2+ (1+¢€)?) —LF(l +ew( a+9
H°(x)? + (1 + €)?
era (1+H()? (1+¢€)
+2(H(x)2 + (1 + €)2)~ 2 w ( ) (3.5)

He(x)2 + (1 + €)? He(x)2 + (1 + €)?
By Proposition 2.1, we get
H(Vxp(x, 1+ €))VH(Vxp(x, 1 + €))

—HeR A+ 2 (o Aty  Ater gy A9 5y
He(x)? + (1 + €)? He(x)2+ (1 +€) He(x)2 + (1 + €)?

2
Using Proposition 2.1 (part (i) for H°) and denote z = (+e) € (0, 1], we have

H°(x)2+(1+€)?
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0 2 2 S !
Ayp(x,1+¢€) = —(42_|—_|—262(H x) +(1+e)) 2 6((6)0)(2) +2zw (2))
F 0+ (149972 (1 - D@0 +220 ()
0 2 2 _2+e !

+(H () +(1+¢) ) 2 (((2+26)+2)w (2)z(1—2)+4z (1 — z)a) (z)) (3.6)
Differentiating da+e¢@ in (1 + €) once, we get
a§1 )z(p(x, 1+6) = +Q+6H@)?+ 1+ 02 Z2(O)w@) - 2(1 - 2)w(2)
+e
2+€

—(H @2 + (1 + ) 2 (E)w(@) - 2(1 - 2)w'(2) + (2 +2€) + 2)2(1 — 2)w'(2))
24+€
(1+6)2 FH G2 + (L+ 02 2 42(1 - 2020/ (), (3.7)
€
H°(x)24(1+€)? (0 1]

Combining (3.5), (3.6) and (3.7) together we arrive
A (p(x 1+ + €= 10091+ _p yi146)+ 02 )Zw(x,1+6) +(€—

with z =

d x,1+€
1 a+e®( )

1+e H (+e see 1+e
=—(H(x)2+ (1+¢€)?) 2_(42(1 —2)w"(2) —2((2 + 26)z — (E)w'(2)
dro? ~@©w() 3:8)
with z = _
Ho(x)2+(1+€)? € (0'1]'

The conclusion of this lemma follows from (3.8), (3.2) and (3.1). This finishes our proof.
It was proved in [23] that the function @ which is solution of (3.3) can be expressed in terms of
hypergeometric functions and has the following form (see [23, Formula (3.5)])

@) F(Seee
a)Z = S "
4’4’2'2)

H2+e€6e—124+¢€) 22¢ 4+€ 4—€ 4—¢
— z2F(

) ) ;213'9
2=¢ 4 4 2 ), (39)

where F(a, b, c;-) denotes the hypergeometric function (see [1, 25] for the definition and further properties

of hypergeometric functions). Inserting (3.9) into $3 .2), we get
FEEEE 1+ ey

) ;—9—2—2
442 HX +0+e
T

ox,1+¢€) =
(H(x)? + (1 + )22
4+e 4—€4—€ 1+¢€):
He+ee—12+00+0 FC5 5 Hﬂ%ﬁgﬁ?
- 2—€ H@)? + (1 +e)2) - (310)
It follows from Proposition 3.2 in [23] that w(z) > 0 for z € [0,1], w'(2) < 0 for z € (0,1) and
; H2+e€6€e—-12+
lilrgnzea) (z%) = - ( =4 > E),
hence it holds ¢@(x, 1 + €) > 0 on R3+¢,
! _€
lw (2)| <Cle—1) 2,1<e<?2 (3.11)
for some constant C > 0, and
lim (1+ e)<? 6(1%)(,9_&@ 1+¢€) _ {H(Z +e6e—124+¢€ ifx#0 (3.12)
0 if x = 0.

0 (Ho(x)2 4+ (14+€)2) 2 o(x,1+¢€)
4 Proof of Theorem 1.1
We provide the proof of Theorem 1.1. The proof is based on the factorization method which is very familiar
in proving the Hardy type inequalities (for examples, see [19, 23, 29]).
Proof of Theorem 1.1 (see [31]). By density argurpept it is enough to prove Theorem 1.1 for function u; €
C°°(IR{3FE) Define the function v (x, 1+ ¢€) = L) Since @ >0 on R3+ethenv (x, 1+ €) is well-

J o(x,1+€) + J
deflned. We have
Vuj = vV + oV,

For any x,y € R3+¢, we have
1

H(x +¥)? = H(x)? + 2(H()VH(x), y) + | (V2H?(x + 8y)y, y)(1 — 6)df.
0
Applying the preceding equality to Vu; = v;Ve + @Vvj, we get
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P(Vu))? = v20(Ve)? + o®(Ve)(VP(Ve), Vv?)
) J

1
+92 [ (VH2(vjV + 0V v))Vv;, Vu)) (1 — 0)d6. (4.1)
0

Forany e > 0and § > 0, we denote
Qse ={(x,1+¢€) ER3*e1+e>6}\{(x,1+¢) € R} H(x) < €}
Using (4.1) and integration by parts, we have
I X o(Vup2(1+e)ldxd(l+e)= [ 3 v2d(Ve)(l+e)tdxd(l+e)+ [ X od(Ve)(VP(Ve), Vvl + ) 1dxd(1 +€)

S j Qse 5 Qe j

1
+] 3 o2 (VH2(vjVe + 09Vv)Vv;, Vv;)(1 — 6)dO(1 +e)tdxd(1 + €)
Q5 0
= [ 3 vsz](Vga)Z(l +e)eldxd(1+e)—[ ¥ (1+e)vdiv((1+ e)“1<p¢(V¢)VCI>(\7<p))UZ§-1 +e)ldxd(1 + €)
Qse Qse

+f T e@(Ve)Ve(Ve),n'>(x, 1 +e))pa(l + ) tdH2+(x, 1 +€)
Mse 5
1
+] 3 o2 (VH2(0jV o + 09 Vv))Vv;, V) (1 — 6)dO(1 +€)e-tdxd(1l + e), (4.2)
05c 0

here n>denotes the outer normal unit vector on dQs, and H2+¢ denotes the (2 + €)-dimensional Hausdorff
measure on dQs. Note that

O(1+e
(1 + &)~ EDdiv((1 + ) lpd(Ve)VP(Vp)) =9 Qo+ (e—1) (11_:_l€‘2
(6)2 (02
= — 2
4 (14 ey +e(Ve)?  (43)
here we have used (3.1) and part (i) of Proposition 2.1 for H°. In other hand, we have

0Qs5e = {(x,6): H(x) = e} U{(x,1+€) € R3*e H(x) = ¢, and 1 + € > &},

) + @ (V)2

and
(o, ...,0,—1) on {(x,8): H°(x) = €},
n-01+e={ VxH(x) (4.4)
————,0)0 on{(x,1+¢€) € R3*eH(x) =¢and 1+ € > 6}
|VxHe(x)]

From the definition of & and ¢ and Proposition 2.1, we have
P(x,1+e)VP(x,1+€) = (Hx)VH(x),1+ ¢€)
and hence
d(Ve)VO (V) = (H(Vxp(x,1+ €))VH(Vxp(x,1 + €), 01+e@)
zw'(z) @(x,1+ e)H*(x)
=(—(e+2 ) s
w(z2) do(x, 1+ €)2
(1+€)? : :
P Inserting (4.3); (4.4) and (4.5) into (4.2), we get

o i < wi(x,1+€)? M _ 1 01+09(x, 6)
fﬂ5 Y P(Vu)2(1l+e)tdxd(1+e€) = 2 .{;5 > (2,1 + )2 (1+ e 'dxd(1 +¢€) f{H°>s}Z ) WW(X, 6)2dx
e j € - J

VH(VH°(x)), da+e@) , (4.5)

with z =

zw'(2)
eet245my | _are? )
ezr(+e)2

e+ (1+e? {H“ze) j

©

+/

8

> %d}[“ﬁ(m(l + O1d(1 + )

1
+[ ¥ @[ (VH2(v;V + 89pVv))Vv, V) (1 — 0)dO(1 + €) 1dxd(1 + €). (4.6)

Qs j 0

Notice that ze“_is bounded in [0,1]. Moreover, since H(VH°(x)) = 1 for x # 0 and by (2.1), it holds
w(z)
b=1 < |VH*(x)| < a1 forany x # 0. Hence, it is true that

lim [ (e +2 |
0 5 w(z) ,_ (+e?
Te24(1+€)?
€ uj(x, (1 + €))?
€2 4+ (1 + €)? “ogy ; |VH ()|
forany § > 0 (here we used u € C=(IR3+¢). Since u has compact support, then
j 0+ j

zw'(2)

dHMte(x)(1+ ) 'd(1 + €) = 0,
91+ (x0)

@ (x.0)
the support of u;(x, §). Therefore, letting e — 0 in (4.6) and using the Lebesgue's monotone and dominated

convergence theorems, we get
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€2 u(x, (1 + €))? da+e@(x, 6)

. e—1 = — —_ 7 (1 ~ldxd(1 — &1 .
{(1+e)>&} % P+ dxd(1+€) f{(l+s)>5} ? ®°(x, (1 + )2 (1 + e 'dxd(1 + ¢) fRM 2}: 0 (x,6) u;(x, 6)2dx
1
+/ T @[ (VH2uV o + 00Vv) Vv, Vu)(1 — 6)do(1 + ) dxd(1 + €). 4.7)

{(1+€)>6} j 0
forany § > 0. Our nextaimisto let § — 0. Notice that, by Lebesgue's monotone convergence theorem, we
have
lim [ Y d(Vu)2(1+e)ldxd(1+¢€) = > ®(Vuj)2(1+e)ldxd(1 + e),
20 (areo>e R3*
and

J

uj(x, (14 €))2 u;(x, (1 + €))?

lim f " (A+erldxd(l+e) =] T A+ e tdxd(1 + €).
20 (a+e>sy ; POn (1 +6) R D (x, (1 + )2
By (3.5), we have
da+e@(x, §) w'(2) é
—  =—(e—-2(1-2) | 52 )#2'
o(x, ) w(z) 2= Ho(x)2+ 6
H°(x)%+62

It follows from the preceding equality and (3.11) that

€

e-1 a(1+€)(p(x, 6) HO(x)Z C ( 5)2 ) _i) S
§  |l—ofeo— <(e+2—- 2" 2 o 2 o 0 5
’ | ¢ H((x) +6 ggg‘}]w(2> H@x +6 H((x) +6
V4 X HW @t e)T

= O Ge * i (@) A (D)’ 15

< CH°(x)2,
for some C' > 0, and for any & > 0. Since u; is bounded and has compact support, then by Lebesgue's
dominated convergence theorer{lxa%% (3.12), we have
limf X ot Yy apax = —HE+ee— 1249 ) 3 WED 4
6-0 R2+e€ j (p(x, 5) / R2+e€ j Hc(x)Z—e
Putting all the previous limits together and letting § — 0 in (4.7), we obtain

€2 (x, (1 + €))? X (0
fm I eu)d+oTldxdira= 2J 3 % (1+97dxd(1+e) +HQ2 +ee-12+9[ = 1?0(9;)272

J o /

1
+[ 3 @2 (VH2WVe + 00Vv)Vy, Vw)(1 — 0)dO(1 + €)<tdxd(1 + e), (4.8)
R&He 0

dx

T+

which immediately implies our desired result (1.7).
It remains to check the sharpness of the constant H(2 + €,e — 1,2+ €) in (1.7). Let K(2+€,e — 1,2 + €)
denote the best constant for which (1.7) holds, i.e.,

K2+ee—12+¢€ & Uj(x, (1 + €))?

)2 e-1 — Ny e—1
— inf fn@je CD(VU,}) (1 + E) dxd(l + 6) ) f]Ri* zm‘z (1 + E) dxd(l + 6) .
Wew (R3FEwe—1) %0 j Ujx.0) g4,

R2+€ Hc(x)Z—E
Obviously, K(2+€,e —1,2+€) 2 H2+ €,¢ — 1,2 + €). We next show that K(2+ €, — 1,2+ ¢€) <
HR2+¢€€e—1,2+c¢€). Letyp € C2([0,0)) suchthat p((1+€))=1ife<0andyp(1+¢€) =0ife > 1.
Define the function ¢(x, 1 + €) = Y(P°(x,1 + €)) and ¢pa(x, 1 + €) = ¢p(x/a, (1 + €)/a) for a > 0. For
€ > 0, we consider the functions
Pe(x,14+€) = Pp1(x, 1+ €)(1 — @e(x, 1 + €))p(x, 1 + €).

Using triangle inequality and the convexity of the function f(1 + €) = (1 + €)?2, we have
D(z1+ 22)> < (A + 5 DP(21)? + CsD(22)?, (4.9)
forany § > 0,2z1,z2 € R3*+e with Cs = (1 + §)/6. Applying (4.9) to Ve, we get
[ ®WVe )2A+eldxd(l+e)< (A+6)][ ¢i(1 — ¢ )2d(V)2(1 + €)<~ldxd(1 + €)
Rt ¢ RTE € ‘
2
+C5f3+ P20 (V($1(1 = 9d)) (1 + €)<ldxd(1 + €) . (4.10)
R, €

+
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Notice that ® (V)2 = (d(Vep)VD(Ve), Ve). Using integration by parts and the approximation argument
in the proof of (1.7), we easily obtain
J ¢ - ¢ yo@erd + e ldd(l+e = & f
R €

(1+etdxd(1+e) +HR +ee—-12+¢€) [ Pe(x, 00 gy
R (<I> )2 re+e He(x)2¢€

- e (¢2(1 — ¢ %), 2TV (V) (1 + ) 'dxd(1 + €.

]R3+E

Combining the preceding equality and (4 10) together |mpI|es
]Ri+e (—qufj%(l + e)sldxd(1 + €)
6

K2+ee—12+¢€) < Z +(1+68)HR2+e6e—-12+¢€)

fR2+e I(_’}jg(szO)_dx
[ 3re 9V (921 = ¢ )7), 2(Vp)VO(V)) (1 + )'dxd(1 + €)
Ry - ‘
~ro [ e P

R He(x)
2

fRiﬁ P2® (V(p1(1 — ¢0))) (1 + e)1dxd(1 + €)

+Cs = . (4.11)
f]RZ+e %%Z'—Le dx
We next estimate the integrals in the right-hand side of (4.11). Denote
Sooy = {gHgl +¢€)) € R¥te: d°(x, (1 + €)) = 1}
Recall that ¢(x,(1+€)) = w( Yde(x,(1+€)¢ (by (32) and @e(x,(1+¢€) =0 if

°(x,(1+€))?
®°(x, (1 + €)) < € or d(x, (1 + €)) = 2, Using the co-area formula, we have
€
2
De e-1 1+ ey . 1
Jse W(l +ef tdxd(1+e) < f{(x,(1+e))ER3+ . ))<z} w (W) e (x, (1 + €)-@+29(1 + )¢ Ldxd(1 + )
' 1+e¢1 2
=/  w(@+e22 A v A dgtete f r=idr
Seo+
1+ef1 2
= Ny S TE o 2
f5¢°,+ @+ [Vde(x, (1 + ©)| dzen e’ (4.12)

where H?2+¢ s the surface area measure on Seo- . Moreover, for e > 0 small enough (such as 2e2 < 1),
we have (1 — ¢e(x, (1 + 6)))¢>1_(x, (1+e)=1if 2e <P(x, (1+€)) < le, and hence @e(x, (1 +€)) =

px,(1+¢€)if2e <P (x,(1+€)) < l . By the co-are formula, we have
Pe(x, 0)?
f s()z=edx = il ¥ . H°(x)~C+dx
RZ+ 2e<H (x)<,
1
=/ |VHe|\3¢ 1+ [ r—ldr
{H°=1} 2€ 1
_ f |vHo|—1“]-[1+€ ln P (4'13)
(=1} 2¢€?
here we use w(0) = 1 and H'1*¢ is the surface are measure on the set {H° = 1}.
Notice that the supports of V¢e and Ve are disjoint for e > 0 small enough. Therefore, for ¢ > 0 small

enough, we have

2
[ 9@ V(@11 -9d) A +e)dxd(1+e)= [ PP (Vdp)2(1 + ) ldxd(1 + €)

R 3 {(x(1+) ER € e<de(x,(1+6) <2¢}

+[

2
e soyerstel 2 Q20 (V¢)1£) (14 e)¢tdxd(1 + €). (4.14)

+ e=e (x, 1+€ )55_

Furthermore, by using the co-are formula, we have
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J P2D(Vh)?(1 + e)<ldxd(1 + €)
{(x, 1+6)6R31'E,ESCI>°(X,1+E)S26}
2

. L+ 1+ Oy () 4 etdnd(1 + 6)

2

o 920 (V9 (

{(x1+e)eRy ,e<P°(x,1+€)<2e}
sup ®°(Vep)2 1+ e)?
R3te w( ) @°(x, 1+ €)2¢(1 + e)s ldxd(1 + €)
€2 {(x,l+€)E]R3IE,ES¢°(X,1+E)SZE} q)c(x' 1+ 6)2

sup ®<(Veh)? (1+ et 2%
<RI w((@+6e)?2? ___ grote [ rdr

€ S [Vl c

sup (V)2 | 22 (1+eet i
== _— +e

) - w((1+¢)?) Vo] F2te, (4.15)

By the same argument, we get

2
f{(x,1+e)eu{{3+f 1o ) 2 P*P (V(P%) 1+ e ldxd(1 + ¢)

b SP xlbe’< )

o 2
R (1+ )
S fS . w((1+ €)?)? W}[z"'f. (4.16)
@ 4

Inserting (4.16) and (4.15) into (4.14), we obtain
2

S 9* (V(61(1 — @) (1 + €)= tdxd(1 + €)

R3+e
< s+up Oo(Vp)2 [ w((1 + €)?)? A+ H2te (4.17)
i+ s . Vol

o+

For e > 0 small enough, we have
[ e (@20 = ¢ ), 2(Ve)VR(V)) (1 + )< ldxd(1 + )

3+e

R} €
1
=5/ e P(V(1 — ¢e)2, (VD) (V))(1 + €)¢ldxd(1 + €)

{(x1+e)ERy <P (x,1+€)<2¢}

2 2 e—1
+7/ el , V(@) (Vo (V) (1+€) dxd(1+e6). (418)
(1+OER, <P (x1+e)<] €

The straightforward computations show that V&2(x,1 + €) = 2(HVH, 1 + €) and

2 1 2 2
Vo = (d°)-@+0 (- (%w + (6)w) HVH°, (—— (ED ))2 - (w) (1 + e)).

It follows from the preceding equalities, the parts (ii), (iii) and (iv) of Proposition 2.1 that
(vcl>2)(v<p) = (@)= (= (%w + (ew) x, ( (Ep ))22 — (©w) (1 + ¢).
Notice that ¢E(x, 1+¢€) = yY(P°(x,1+ €)/e) hence it holds
va - g0t = @ -py HETD
Using part (i) of Plroposition 2.1, we get
2_<V(1 — ¢)% (VO2) (Vo)) = —((1 -

Consequently, we have
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& PV(L — §oF, (VDTN + O dxd(1 + o)

2 {(x,14+€)ER3 € e<°(x, 1+€)< 2€}

< sup|((1 —y))'| [ o, 1+ €)de(x, 1 + €)~+I(1 + e)~ldxd(1 + €)
R {(x,1+e)ElR3f,eSd>°(x,1+6)S2€}
(1+e)2

= sup|((1 = ) [ O () Do(x, 1 + €)-@+20+1(1 + ) Ldxd(1 + €)
R {01+ )R e<d°(x, 1+€)<26) D°(x,1 + €)?
2e

=supl(@ =91 (@ + A + ey dize [ dr

o+ €

= (©)supl(( - VA o+ DA + e)1dHzHe, (4.19)
S

D°+

here we used again the co-area formula. By the same argument, we obtain

1
|2f{ 3+el

2
(x1+e)ERy , <@ (x1+e)<}

p(V (d’le) i , (VD2)(V)) (1 + €) ¢ dxd(1 + €)]

< (e)s§p|(¢2)'| [ w(@+ €21 + e)c-1dH2+e, (4.20)
So°+

Inserting (4.20) and (4.19) into (4.18), we get
1] e @2 (1 =9 )%, e(Ve)Ve(Vp))(1 + ) dxd(1 +€) |

3+e
RL €

< (@ Gupl((1 = 9T+ sl [ (@ +D +=tdree  (421)
It follows from (4.13), (4.17) and (4.21) that '
[ ave 9 V(@21 = ¢ )7, (V) VP (Ve)) (1 + &) dxd(1 + €)

Ry
I € _

o e 0, (422

f]}g2+e Ho(x)Z—e dx
and
2
[ 3 920 V(911 = 99) (14 )=ldxd(1 + €)
lim - =0. (4.23)

> @e(x, 0)2
e—0 f x, 0 dx

]R2+E Ho(x)z_E
Furthermore, from (4.12) and (4.13), we see that
2
fve (;fﬁu + e)eldxd(l + €)
Pelx, 0)° 4.

R2+e€ Hc(x)z—f
is bounded as € — 0. Consequently, lettinge — 0 ir& 842.11) and using the limits (4.22) and (4.23), we get
€

KQ2+ee—124+¢)<C TS +(14+8HR2+€6e—-12+¢), (4.24)

with
[sve (P20 (1+ O dxd(1 + €)

C = liminf—" < oo,

-0 Pe(x, 0)?

) fRz+e H°(x) —€ dx
Since (4.24) holds for any § > 0, by letting § - O we obtain K(2+€,e —1,24+¢) < H(2+¢€6€e—-12 +
€).
Consequently, we have K(2+¢€€e—1,24+¢€¢) = H(2+ €,¢ —1,2+¢€). This proves the sharpness of
H(2+€€e—12+¢).

F_inallgl, we prove the non-attainablity of H(IZ +€,¢ — 1,2 + €). Indeed, suppose that there exists u; €
+e€

W(]R+ , W _1) \ {0} which realizes the equality in (1.7). By (4.8) we must have

1
1l . Y @2 [ (VHZ(vjVe + 09Vv)Vv;, Vv,)(1 — 6)dO(1 + €)<1dxd(1l + €) = 0.

R, j 0
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Nevertheless, the matrix V2H? is positive define since H is strongly convex. Hence, Vv; = 0 on R3fe.

Consequently, v; is constant function which implies u;(x, 1 + €) = cp(x, 1 + €) for some constant ¢ # 0.
This is impossible since ¢ ¢ W (R3+e,w 1). Therefore, H(2 + €, — 1,2 + €) is not attained.
+ €—

The proof of Theorem 1.1 is then completed.
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