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1.1 INTRODUCTION 
As a generalization of closed sets, Levine [31] introduced generalized closed sets in general topology. This idea was discovered to 

be helpful, and numerous general topological results were enhanced. Veerakumar [85], among others, introduced ĝ--closed sets in 

topological spaces. In topological spaces, Sheik John [76] introduced --closed sets. Following the introduction of these ideas, 

other topologists developed various categories of generalized closed sets and investigated their fundamental characteristics. In 

general topology, g -closed sets are a recent generalization of closed sets that Ravi and Ganesan [62] developed and researched. 

They established that the class of g -closed sets appropriately falls between the class of closed sets and the class of g-closed sets. 

g  -closed sets are a concept that was introduced and its most fundamental characteristics in topological spaces were examined by 

Pious Missier et al. [53]. The concepts of g  -interior and g  -closure in topological spaces are presented in this chapter, and 

some of their fundamental features are studied using the notions of g  -closed sets and a few relevant results are returned. We 

define  g   and demonstrate that it forms a topology on X. 

Additionally, we define a new class of weakly g  -closed sets, which includes the above mentioned class, within generalized closed 

sets. We also look into connections between related generalized closed sets. 

1.2 PRELIMINARIES 

(X, ), (Y, ) and (Z, ) (or X, Y and Z) denote topological spaces throughout this thesis. The terms cl(A), int(A), and Ac or XA 

or X  A represent the closure of A, the interior of A, and the complement of A, respectively, for a subset A of a space (X, ). 

 

We can recollect the definitions below because they will be helpful in the follow-up. 

DEFINITION 1.2.1 

 

A subset A of a space (X, ) is called: 

 

(i) semi-open set [7] if A  cl(int(A)); 

 

(ii) -open set [10] if A  int(cl(int(A))); 

 

(iii) semi-preopen set [1] if A  cl(int(cl(A))); 

 

(iv) regular open set [16] if A = int(cl(A)). 

 

The above-mentioned open sets' complements are referred to as the corresponding closed sets. 
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 The intersection of all semi-closed (resp. -closed, semi-preclosed) sets of (X, ) containing A is defined as the semi-

closure [5] (resp. -closure [10], semi-preclosure [1]) of a subset A of X. It is well known that scl(A) is a semi-closed (resp. -closed, 

semi-preclosed) set (resp. cl(A), spcl(A)). 

  The symbol   denotes the family of -open sets of a space (X, ). The fact that    and  is a topology for 

X is well known[11]. The symbol int denotes the interior of a subset A of X with respect to According to [2], for any subset 

A of a space (X, ), cl(A) = A  cl(int(cl(A))) and int(A) = A  int(cl(int(A))) . 

DEFINITION 1.2.2 

A subset A of a space (X,  ) is called: 

 

(i) a generalized  closed  (briefly  g-closed)  set  [8]   if   cl(A)      U whenever A  U and U is open in (X, ). The 

complement of g-closed set is called g-open; 

(ii) a generalized semiclosed (briefly gs-closed) set  [3]  if  scl(A)    U whenever A  U and U is open in (X, ). The 

complement of gs-closed set is called gs-open; 

(iii) a generalized  closed  (briefly   g-closed)  set  [9]  if   cl(A)    U whenever A  U and U is open in (X, ). The 

complement of     g-closed set is called g-open; 

(iv) a generalized semi-preclosed (briefly gsp-closed) set [6] if spcl(A)  U whenever A  U and U is open in (X, ). The 

complement of gsp-closed set is called gsp-open; 

(v) a g  -closed set [12] if cl(A)  U whenever A  U and U is gs-open in (X, ).The complement of g  -closed set is called 

g  -open. 

(vi) a semi-generalized closed (briefly sg-closed) set [4]  if  scl(A)    U whenever A  U and U is semi-open in (X, ). The 

complement of sg-closed set is called sg-open; 

Definition 1.2.3 

A subset A of a space (X, ) is called: 

(i) a  ĝ-closed set [17] ( = -closed set [15]) if cl(A)  U whenever A  U and U is semi-open in (X, ). The complement of  

ĝ-closed set is called ĝ-open set; 

(ii) a g -closed set [14] if cl(A)  U  whenever A  U and U is sg-open in (X, ). The complement of  g -closed set is called 

g -open. 

(iii) The collection of all g  -closed (resp. -closed)  sets is denoted by  G  C(X) (resp. C(X)).        

Remark 1.2.4 

(i) Every open set is g  -open  but not conversely [13]. 

(ii)  Every closed set is g  -closed  but not conversely [12]. 

(iii) Every g  -closed set is g -closed  but not conversely [12]. 

(iv) Every g -closed set is   -closed but not conversely [14]. 

(v) Every g  -closed set is  -closed  but not conversely [12]. 

Proposition 1.2.5 [12] 

If  A and B   are  g  -closed sets   in (X, ), then A  B is g  -closed in (X, ). 

REMARK 1.2.7 [3] 

 

Every open set is gs-open but not conversely. By P(X) we denote the power set of X. 

1.3 g  -INTERIOR 

We introduce the following definition. 

Definition 1.3.1 

The union of all the g  -open sets contained in A X  is known as g   -int(A), i.e., g  -int(A) =   {G : G  A and G is g  -

open}.  

Lemma 1.3.2 

For any A  X, int(A)  g  -int(A)   A.  

Proof  

Let A be a closed set. Since every closed set is g   -closed, A   g  , Hence int(A)  g   -int(A)  A   

Proposition 1.3.3 

For any A  X, 

(i)  g  -int(A) is the largest g  -open set contained in A. 

(ii)  A is g  -open if and only if g  -int(A) = A. 
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 Proof:   

(i) g  -int(P) is an open set, By definition, g   -int(A)  A. Let B be another open set  A.Then B  G  g   -int(A) .So 

g   -int(A) is the largest open set contained in A 

(ii) g   -int(A) =   {G : G  A and G is g   -open}.Then by definition itself, we can say that g   -int(A) = A. 

Proposition 1.3.4 

For any  subsets A and B of  (X, ), 

(i)  g  -int(A  B) = g  -int(A)  g  -int(B). 

(ii)  g  -int(A  B)  g  -int(A)  g  -int(B). 

(iii)  If A  B, then g  -int(A)  g  -int(B). 

(iv) g  -int(X) = X and g  -int() = . 

Proof: 

(i) Let x∈ g   -int(A), there exit a real number r>0 such that G A B, x∈ g   -int(B).Thus g  -int(A)  g   -int(B). 

(ii) Since A  B  A, by (i) g   -int (A  B)  g   -int(A), since A  B  B, By (i) g   -int (A  B)  g   -int(B). So 

g   -int (A  B)  g   -int(A)  g   -int(B). by definition g  -int(A)  A and g   -int(A)  B. Thus g    int(A)  g   -

int(B)  A  B. But g   -int (A  B) is the largest open set contained in A  B. So g   -int(A)  g   -int(B)  g   -int (A  

B). Thus g  -int (A  B) = g  -int(A)  g   -int(B). 

(iii) Since A  A  B,  B  A  B, by (i) g   -int (A )  g  -int(A  B) and g   -int (B)  g   -int(A  B).Thus g   -

int(A  B)  g   -int(A)  g   -                         

      int(B). 

(iv) we can directly get this by definition. 

1.4 WEAKLY g  -CLOSED SETS 
 

We define weakly g  -closed sets in topological spaces and investigate the connections between them. 

DEFINITION 1.4.1 

A subset A of a topological space (X, ) is called a weakly g  -closed (briefly w g  -closed) set if cl(int(A))  U whenever A  

U and U is gs-open in (X, ). 

THEOREM 1.4.2 

Every closed set is w g  -closed but not conversely. 

PROOF 

Let A be a closed set such that A  U. Then cl(A) = A . Let U be gs-open.     Since int(A)  A, cl(int(A))  cl(A) = A. We have 

cl(int(A))  A  U whenever A  U and U is gs-open. Thus A is w g  -cld.  

EXAMPLE 1.4.3 

Let X = {1, 2, 3} and  = {, {1, 2}, X}. Then the set {1, 3} is w g  -closed set but not closed in (X, ). 

THEOREM 1.4.4 

Every g  -closed set is w g  -closed but not conversely. 

PROOF 

Let A be a g  -closed. Then by definition cl(A)  U whenever A  U and U is gs-open in X. Since int(A)  A, cl(int(A))  cl(A) 

= A. We have cl(int(A))  A  U whenever A  U and U is gs-open. Hence A is w g  -closed.  

EXAMPLE 1.4.5 

Let X = {1, 2, 3} and  = {, {1, 2}, X}, the set {1} is w g  -closed set but not  g  -closed in (X, ). 

THEOREM 1.4.6 

Every regular closed set is w g  -closed but not conversely. 

PROOF 

Let U be gs-open set containing A. Let A be any regular closed set.Then by definition A = cl(int(A))  U. Hence, A is          w g  

-closed. 
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EXAMPLE 1.4.7 

Let X = {1, 2, 3} and  = {, {1, 2}, X}, the set {1} is w g  -closed set but not regular closed in X. 

THEOREM 1.4.8 

Every w g  -closed set is gsp-closed but not conversely. 

PROOF 

Let A be any w g  -closed set and U be open set,  A U. Then U is a     gs-open set containing A and cl(int(A))  U. Since U 

is open, we get int(cl(int(A))) int(A) U which implies spcl(A) = A  int(cl(int(A)))  U. Thus, A is gsp-closed. 

EXAMPLE 1.4.9 

Let X = {1, 2, 3} and  = {, {2}, X}. Then the set {1, 2} is gsp-closed set but not w g  -closed. 

THEOREM 1.4.10 

 

If a subset A of a topological space (X, ) is both closed and  g-closed, then it is w g  -closed in (X, ). 

PROOF 

Let A be  an   g-closed set in (X, ) and U be an open set containing A. Then U  cl(A) = A  cl(int(cl(A))) ,whenever A  U 

and U is an open set Since A is closed, U  cl(int(A)) and hence A is w g  -closed in (X, ). 

THEOREM 1.4.11 

If a subset A of a topological space (X, ) is both open and w g  -closed, then it is closed. 

PROOF 

Since A is open, int A = A and A is gs open. Since A is w g  closed,   cl(A)= cl(int(A))  A.  Also A  cl(A). which implies that 

int(A)  int(cl(A)).    Hence A is closed in (X, ). 

COROLLARY 1.4.12 

If a subset A of a topological space (X, ) is both open and w g  -closed, then it is both regular open and regular closed in (X, ). 

                Proof 

Since A is open, int A = A and A is gs open. Since wGΩ-cld, cl(A)=    cl(int(A))  A, int(cl(A))  int(A) = A.  Also we have A  

cl(A), A =int(A)   int(cl(A)), which implies that A = int(cl(A)). Hence A is regular open. 

Since cl(A)  A, cl(int A)  A. Also A  cl(A)= cl(int A). Which shows    that A  cl(int A). Hence A is regular closed. 

THEOREM 1.4.13 

 Suppose that B  A  X, B is a gs-closed set relative to A and that A is both open and sg-closed subset of X. Then B is gs-
closed relative to X. 

PROOF 

 Let B is a gs-closed and B  O and suppose that O is open in X. Then B  A  O and sclA(B)  A  O. It follows then 

that A  scl(B)  A  O and A  O  (scl(B))c. Since A is gs-closed in X, we have scl(A)  O  (scl(B))c since the union of 

open set and semi- open set is semi-open. Therefore scl(B)  scl(A)  O  (scl(B))c and consequently, scl(B)  O. 

COROLLARY 1.4.14 

 Let A be both open and sg-closed set and suppose that F is closed set. Then A  F is gs-closed set. 

PROOF 

 Since A is both open and gs-cld and F is closed. Also we have A  F A.Thus A  F is closed in A and hence by theorem 1.3.13 

A  F is gs-cld in A . 

THEOREM 1.4.15 

A set A is w g  -closed if and only if cl(int(A))  A contains no non-empty gs- closed set. 

PROOF 

Necessity. Let us assume that  F be a gs-closed set such that F  cl(int(A))  A. Since Fc is gs- open and A  Fc, from the definition 

of w g  -closed set it follows that cl(int(A))  Fc. ie. F  (cl(int(A)))c. This implies that F  (cl(int(A)))  (cl(int(A)))c = . 

Sufficiency. Conversely Assume that there exist no non-empty gs closed set contained in cl(int(A))  A. Let G be both closed and 

gs-open set in X such that A  G. If A is not w g  -closed, then cl(int(A)) is not contained in G, then cl(int(A))  Gc is a non-

empty gs-closed subset of cl(int(A))  A, we obtain a contradiction. This proves the sufficiency and hence the                theorem. 
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THEOREM 1.4.16 

Let (X, ) be a topological space and A  Y  X. If A is open and w g  - closed in X, then A is w g  -closed relative to Y. 

PROOF 

Let G is gs-open in (X, ) such that A  Y  G. Since A is w g  -closed in (X, ), A  G implies cl(int(A))  G. That is Y  

(cl(int(A)))  Y  G where Y  cl(int(A)) is closure of interior of A in Y. Thus, A is w g  -closed relative to Y. 

THEOREM 1.4.17 

  If a subset A of a topological space (X, ) is nowhere dense, then it is w g  -closed. 

PROOF 

Since int(A)  int(cl(A)) and A is nowhere dense, int(A) = . Therefore cl(int(A)) =  and hence A is w g -closed in (X, ). 

 The converse of Theorem 1.3.17 need not be true as seen in the following example. 

EXAMPLE 1.4.18 

  Let X = {1, 2, 3} and  = {, {1}, {2, 3}, X}. Then the set {1} is w g  -closed set but not nowhere dense in (X, ). 

REMARK 1.3.19 

  The following examples show that w g  -closedness and semi-closedness are independent. 

EXAMPLE 1.4.20 

        Let X = {1, 2, 3} and  = {, {1}, {2, 3}, X}, the set {1, 3} is w g  -closed set but not semi-closed in (X, ). 

EXAMPLE 1.4.21 

  Let X = {1, 2, 3} and  = {, {1}, {2}, {1, 2}, X}. Then the set {a} is semi- closed set but not w g  -closed in (X, ). 

DEFINITION 1.4.22 

  A subset A of a topological space X is called w g  -open set if Ac is w g  - closed in X. 

THEOREM 1.4.23 

  Every open set is w g  -open. 

PROOF 

  Let A be an open set in a topological space X. Then Ac is closed in X. By Theorem 1.3.2 it follows that Ac is w g  

-closed in X. Hence A is w g  -open in X. 

  The converse of Theorem 1.3.23 need not be true as seen in the following example. 

EXAMPLE 1.4.24 

  In Example 1.3.3, the set {1, 3} is w g  -open set but it is not open in (X, ). 

PROPOSITION 1.4.25 

(i) Every g  -open set is w g  -open but not conversely. 

 

(ii) Every regular open set is w g  -open but not conversely. 

 

(iii) Every w g  -open set is gsp-open but not conversely. 

 PROOF 

(i) Let A be an g  -open set in a topological space X. Then g  c is closed in X. By Theorem 1.3.4 it follows that g  c is w g 

-      cld in X. Hence g  - is w g -open in X.  

(ii) Let A be an regular open set in a topological space X. Then A c is regular closed in X. By Theorem 1.3.6 it follows that Ac 

is w g -cld in X. Hence A is w g -open in X.   

(iii) Let A be an w g -open set in a topological space X. Then A c is w g  closed in X. By Theorem 1.3.8  it follows that A c 

is gsp-cld in X. Hence A is gsp open in X. 
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