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INTRODUCTION

Prior to taking part in this Mathematics Research Project, | have seen and go through the details of proof
of various rules of differentiation they include assumptions.

With greatly respect to Father Gottfried Wilhelm von Leibniz (1646 -1716) , | am working-hard
to find out the differentiation rules from represented geometrically diagrams. Before | begin to talk about the
project itself, | would to say that I really enjoyed working on my Project.

Abstract:-

In this paper f(x) and g(x) and ﬁ are considered as the breadth and length of the closed

curves or Rectangle and h as the increment of each function .Each figure is shown for every
consideration .

Contents:-

1. Quotient rule :
2. Product rule :

3. Product rule of a constant and a function.
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GEOMETRICALLY PROOF OF THE FOLLOWING RULES OF DIFFERENTIATION

1. Quotient rule :

_f®
For, y = proes
Then & — g2 - f(nti®
Ydx (q(x))?
Or av _ qO)x f'(x)— fx)x q' (%)
' dx (q(x))?

Proof :-
Step :1: -

Finding the area of a Rectangle ABCD from Fig:1.1:-

Consider f(x) as the breadth of a rectangle ABCD and q(x) as the length of a rectangle ABCD as shown
in fig:1.1.
{Where, 0 < q(x) < 1; meaning that q(x)is greater than zero but less than or equal to 1}.

Y

T

A E %
< (LI 3
= g{x) =
Fig:1.1
From a Rectangle ABCD (In Fig:1.1), we have ,
Length AB = f(x) (1.0)
Breadth AD = —— (1.1)

q(x)
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.. Area of Rectangle ABCD = Length AB x Breadth AD
Area of Rectangle ABCD = ﬁ xf(x)

Area of Rectangle ABCD = % ------------------------- (1.2)

Step:2 :-
Introducing an increment h to both functions f(x) and (x) :

If the function f(x) has the increment h , then the function q(x) will also have an increment h , as
shown below in the fig.1.2

-

f(x+h)
f(

& > X
A i = 5
= g{x) -
p4 I A
~ I](X"'h) rd
Fig:1.2

From a Rectangle AGFE (Fig:1.2), we have

— 1 _____
Length AG = prowps (1.3)

Breadth AE = f(x + h) -----mmmmmmmmmemmmmmmmeae (1.4)

.". Area of Rectangle AGFE = Length AG x Breadth AE
1

Area of Rectangle AGFE = prowT f(x+h)
Area of Rectangle AGFE= L&) (1.5)
q(x+h)
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Step.3:

Finding the Area of the two new Rectangles (Rectangle BGOC and Rectangle DOFE) :-

After Producing a line OC as shown in Fig:1.3 , then the lengths , breadths and areas of the two new
Rectangle DOFE and Rectangle BGCO can be find out .

f(x+

- A B
‘_q(IT)_)

pa ' Y

= q(x+h) i
Fig:1.3

From the above fig:1.3 ,We have

Length of a Rectangle BGOC = Length of a Rectangle AGFE — Length of a Rectangle ABCD

Length of a Rectangle BGOC = AG —AB
1 1

Length of a Rectangle BGOC = prope i --- (1.6)
And

Breath of a Rectangle BGOC = Breadth of a Rectangle ABCD

Breath of a Rectangle BGOC =f(x) ------- (1.7)

.. Area of a Rectangle BGOC = length of a Rectangle BGFO x Breadth of a Rectangle BGFO

_(_1 1 .
Area of a Rectangle BGOC = {q(x+h) - q(x)} xf(x) {Using (1.6) and (1.7)
Area of a Rectangle BGOC = f(x) ( L _ L) (1.8)
q(x+h)  q(x)
Also,
From the above fig:1.3 , We have
Length of a Rectangle DOFE =Length of a Rectangle ABFE
Length of a Rectangle DOFE = AG
X _ 1
.. Length of a Rectangle DOFE =1 ---- (1.9)
And

Breadth of a Rectangle DOFE = Breadth of a Rectangle AGFE - Breadth of a Rectangle ABCD
Breadth of a Rectangle DOFE = AE- AD

Breadth of a Rectangle DOFE = f(x + h) — f(x) (2.0)
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Thus,

Area of a Rectangle DOFE = Length of a Rectangle DOFE x Breadth of a Rectangle DOFE

Avrea of a Rectangle DOFE =q(x1+h) x(flx+h) = f(x)) -=mmmmmmmeeev (2.1) {Using (1.9) and (2.0)}

Step.4:

From Fig:1.3 , The sum of the areas of Rectangles BGOC and Rectangle DOFE can be find out by subtracting the
Area of a Rectangle ABCD from the Area of a Rectangle AGFE .

Thus,

Area of a Rectangle AGFE - Area of a Rectangle ABCD = Area of a Rectangle DOFE + Area of a Rectangle BGOC

1

q(x+h)x(f(x+h)—f(x))+f(x)( ! _L)

aG+n)  q@)
------------ (2.3)

{Using (2.1) and (1.8)}

Area of a Rectangle AGFE - Area of a Rectangle ABCD =

_ _fGxth)  f() feo _f&®
Area of a Rectangle AGFE - Area of a Rectangle ABCD prrTe + promre

Area of a Rectangle AGFE - Area of a Rectangle ABCD = [&Ma0-f (x):((;));(; f;l))q(x)_f (Jaeth)

Area of a Rectangle AGFE - Area of a Rectangle ABCD = 22U/ G+~ (’;)()x;(i (:“})l?(x)"f Wate+h)

Area of a Rectangle AGFE - Area of a Rectangle ABCD = aGeHm)(fle+h)—f ;’g))q_(i E::)q (cth) ¥ FEx)q(x)

Area of a Rectangle AGFE - Area of a Rectangle ABCD = abeth)(f (x+h)_£g;31 (;i(hx))( aCeth)= 9() (2.4)

Since,

From Fig:1.3 , we have

Area of a Rectangle AGFE - Area of a Rectangle ABCD = Llath) & (2.5)
q(x+h) q(x)
Using (1.5) and (1.2)

Thus equation ( 2.4) becomes

Area of a Rectangle AGFE - Area of a Rectangle ABCD = q(x+h)(f(x+h)_f;x(l))‘;(£i:')h)( aleth)- 4())

fath)  f) _ aGHR)(FH—f () —fGet)(qGeth)— a(x))
“q(x+h)  q(x) q(x)q(x+h)
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Thus,
The Derivative of a function, y = % is given by

(f(x+h)_@)

Y _ ljm 4eth 4@
dx h—o h
4 (q(X)(f(x+h)—f(x)) - f(x) (@(x+h)— q(x) ))
2 = lim 2t h) ) {Using equation (2.6)}
dx h—-o h

(q(X)(f(Hh)—f(X)) = f() (qx+h)— q(x) ))
2 _ lim h
dx h>o q(x+h) q(x)
dy . (q(x)(f(ﬂh)h—f(X)) F(x) (Q(X+h})l— Q(x)))
= = lim
dx h—o q(x+h) q(x)
ay _

h)— h)—
YUCHMTCN ¢y (alet ; q(x)))

lim (q (x -

. 1
m-—-—--
dx h—o q(x+h) q(x) h—o

dy

. 1 Fx+n)-fx) . (qx+h)—q(x))
dx }Llir(l; q(x+h) q(x) ( h f(x) flll_fg h )

q(x) lim

o (@I - f)Lq@)

q(x) q(x)

ay _ (a0 -r@gaw)
dx (a(x))?

LAy a@)f1(0) - F)qr(x) Hence Proved
S Q)2

2. Product rules :

y = f(x)q(x)

dy _ , ,
o f)q' (x) + q(x)f'(x)

Step:1:-
Finding the area of a Rectangle ABCD from Fig:1.3 :-

Consider f(x) as the breadth of a rectangle ABCD and g (x) as the length of a rectangle ABCD as shown in fig:1.4.
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A’

q(x) ?
l?ig: 1.4
From a Rectangle ABCD (in Fig:1.4) we have

Length AB = f(x) (2.7)
Breadth AD = q(x) (2.8)

.« Area of Rectangle ABCD = Length AB x Breadth AD
Area of Rectangle ABCD = q(x)x f(x)

Area of Rectangle ABCD = f(x)q(x) (2.9)

Step:2 :-
Introducing an increment h to both functions f(x) and (x) :

If the function f(x) has the increment h , then the function q(x) will also have an increment h, as
shown below in the fig.1.5

P>

a0 >

qlx+h) v

=
19:
. LR
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From a Rectangle AGFE ( Fig:1.5) we have :

Length of Rectangle AGFE = AG
Length of Rectangle AGFE = q(x + h) -- (3.0)

Breadth of Rectangle AGFE =AE
Breadth of Rectangle AGFE = f(x + h) --- (3.1)

.’ Area of Rectangle AGFE = Length of Rectangle AGFE x Breadth of Rectangle AGFE

Area of Rectangle AGFE = q(x + h)x f(x + h) using (3.0) and (3.1)
Area of Rectangle AGFE= f(x + h)q(x + h) --(3.2)

Step.3:-
Finding the Area of the two new Rectangles ( Rectangle BGCO and Rectangle DOFE) :-

After Producing a line OC as shown in Fig:1.6 , then the lengths , breadths and areas of the two new
Rectangle BGOC and Rectangle DOFE can be find out .

f(x+h)

flx) f(x)q(x)

J\p

4
7]

q(x)

||(X+h) 7
Fig:1.6

From the above fig:1.6 ,We have

Length of a Rectangle BGOC = Length of a Rectangle AGFE — Length of a Rectangle ABCD

Length of a Rectangle BGOC = Length AG — Length AB
Length of a Rectangle BGOC = q(x + h) — q(x) e (3.3)
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And
Breath of a Rectangle BGOC = Breadth of a Rectangle ABCD
Breath of a Rectangle BGOC =f(x) ---------- (3.4)

.. Area of a Rectangle BGOC = length of a Rectangle BGOC x Breadth of a Rectangle BGOC
Area of a Rectangle BGOC = {(q(x + h) — q(x)}xf (x)

Area of a Rectangle BGOC = f(x)(q(x + h) — q(x)) ---------m-m-m-mmmmmmmmm- (3.5)

Also,
From the above fig:1.6 , We have

Length of a Rectangle DOFE =Length of a Rectangle AGFE
Length of a Rectangle DOFE = Length AG

". Length of a Rectangle DOFE = q(x + h) (3.6)

And

Breadth of a Rectangle DOFE = Breadth of a Rectangle AAGFE - Breadth of a Rectangle ABCD

Breadth of a Rectangle DOFE = Breadth AE- Breadth AD

Breadth of a Rectangle DOFE = f(x + h) — f(x) (3.7)
Thus,

Area of a Rectangle DOFE = Length of a Rectangle DOFE x Breadth of a Rectangle DOFE
Area of a Rectangle DOFE = q(x + h)x( f(x + h) — f(x)) ---=----------- (3.8) {Using (3.6) and (3.7)}

Step.4:

The sum of the areas of Rectangles BGOC and Rectangle DOFE can be find out by subtracting the Area of a
Rectangle ABCD from the Area of a Rectangle AGFE.

Thus,
Area of a Rectangle AGFE - Area of a Rectangle ABCD = f(x + h)q(x + h) — f(x)q(x) ----------------- (3.9)
{Using (3.2) and (2.9)}
Since,

Area of a Rectangle AGFE - Area of a Rectangle ABCD = Area of a Rectangle BGOC + Area of a Rectangle DOFE

= f(x + h)q(x + h) — f(x)q(x) = Area of a Rectangle BGOC + Area of a Rectangle DOFE ~ {Using (3.9)}

= fx+Rm)qgx +h) = fF(x)q(x) = F()(qlx + h) = q(x)) + g(x + W)x( f(x + h) = f(x))
{Using (3.5) and (3.8) }
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= flx+ Mgl +h) = f()q) = F (g0 + h) = q(0)) + g + W(flx + h) = f(2)) -r-mmmmmmeees (4.0)

Thus,
The Derivative of a function, y = f(x)q(x) is given by

@y _ 1 GGGt (a)
dx h—-o h

Y _ lim (f(x)(q(x+h)—q(x))+q(X+h)(f(x+h)—f(x)))

= im - {Using (4.0)}

dy _1: (f(x)(q(x+h)—q(x)) +q(x+h)(f(x+h)—f(x)))
h h

(flat+h)—f(x))

dy _ 1. qOcth)—q(x) | 7
}}L% fe)=—"+ }llz)lcl)q(x + h) -

dx

dy _ . q(x+h)—q(x) : . (fGeth)—f ()
—=f (x)}ll_r)r}) — }grgq(x + h)}ll_r)r(l) Y

L= f)£q() + () T f ()

Y~ F)q ) + g f (%)

dx

Hence, Proved .......

3. The Derivative of the function of a constant and a function is equal to the product of the constant and the
derivative of the function.

For, y=cf(x)

% (cf(x)) = c%f(x)
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Step:1:- Finding the Area of a Rectangle ABCD from Fig:1.7

Consider ¢ as the length of the Rectangle ABCD which is fixed and f(x)as the breadth of a Rectangle ABCD as
shown in Fig:1.7.

Fige1-7

Therefore,

Length of a Rectangle ABCD = Length AB
Length of a Rectangle ABCD =C ---------------------- 4.1)

And Breadth of a Rectangle ABCD = AD

Breadth of a Rectangle ABCD = f(x)  --------------- 4.2)

Hence,
Area of a Rectangle ABCD = Length of a Rectangle ABCD x Breadth of a Rectangle ABCD
Area of a Rectangle ABCD = ¢ x f(x)

.. Area of a Rectangle ABCD = ¢ f(x) 4.3)
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Step:2:- Finding the Area of a Rectangle ABEF from Fig:1.8

If the function f(x) has the increment h , the value of the length of a Rectangle ABEF is equal to the

length of a Rectangle ABCD as € is fixed (as € is a fixed value, therefore, its value cannot be change) as shown
below in the fig.1.8 .

f(x+h)
f(x)

W=

[Figed8

From fig:1.8, we have

Length of a Rectangle ABEF = Length of a Rectangle ABCD

Length of a Rectangle ABEF = € ---------------- (4.49)

And Breadth of a Rectangle ABEF = Length AF
Breadth of a Rectangle ABEF = f(x + h)----------=-------- (4.5)
Then,
Area of a Rectangle ABEF = Length of a Rectangle ABEF x Breadth of a Rectangle ABEF
Area of a Rectangle ABEF = f(x + h)x €
.. Area of a Rectangle ABEF = Cf(x + h) (4.6)
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Step:3:- Finding the Area of a Rectangle CDFE from Fig:1.8

From fig:1.8, we have

Length of a Rectangle CDFE = Length of a Rectangle ABCD

Length of a Rectangle CDFE = C---------------- 4.7
And,

Breadth of a Rectangle CDFE = Bread of a Rectangle ABEF — Breadth of a Rectangle ABCD
Breadth of a Rectangle CDFE = f(x + h) — f(x) ------------ (4.8) {Using (4.5) and (4.0) }

Then,

Area of a Rectangle CDFE = Length of a Rectangle CDFE x Breadth of a Rectangle CDFE
Area of a Rectangle CDFE =¢cx{ f(x + h) — f(x) } using (4.7) and (4.8)

Areaof aRectangle CDOFE=c {f(x + h) — f(x) } ---------mmmmmmmmmmmmm- (4.9)

Step:4:- Finding the Area of a Rectangle CDFE from Fig:1.8 by subtracting area of a
Rectangle ABCD from area of a Rectangle ABEF .

From fig:1.7 , we Clearly we see that the area of a Rectangle CDFE can be find out by subtracting the
area of a Rectangle ABCD from the area of a Rectangle ABEF

Thus,
Area of a Rectangle ABEF - Area of a Rectangle ABCD = Area of a Rectangle CDFE
Cf(x + h)-c f(x)= Area of a Rectangle CDFE on using (4.6) and (4.3)
LCf(x+h)-cf(x)=c{f(x+h)—f(x) }----—m-mmm- (5.0) on using (4.9)
Hence,

The Derivative of a function, y = Cf(x)is given by

W _ |ip - £60

dx h—)o h

dy _ 1: C{f(x+R)—f(x) } : -

o }grg Y {On using equation (5.0)}
W _ o im L&)

dx h—-o h
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L= cf' (%)
Proved.
CONCLUSION:-

This Project was a great way to help myself realize some things that | had not go through when | was as a
studen. In this paper, the solution is solved by basic method in simple form and all the figures are made easy to
understand.

| hope you will accept my project happily which | have made with calm and hard-working mind
and sincere heart.
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