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Abstract

A wormhole can be visualized as a tunnel with two ends at separate points in
space-time (i.e., different locations, different points in time, or both). If the two
ends of the wormhole lie in the same universe, it is called an intra-universe
wormhole, while if the two ends are situated in two different universes, it is called
an inter-universe wormhole. Traversability has considered an essential feature of
a wormhole. In a more general way, if an entity can enter from one side of the
wormhole and depart from the other, the wormhole is traversable. Morris and
Thorne assumed a traversable wormhole that is spherically symmetrical, time-
independent, and non-rotating. In this project, | will derive the mathematical
equations for the Ricci Curvature Tensor (R, , R, R, , & R3 ) and Ricci Scalar
(R) for the traversable Wormhole using the Morris and Thorne metric.
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Introduction

General relativity is a theory of gravitation that was developed by Albert Einstein
between 1907 and 1915. According to general relativity, the observed
gravitational effect between masses results from their warping of space-time.

In general relativity, the world line of a particle-free from all external, non-
gravitational force is a particular type of geodesic in curved space-time. In other
words, a freely moving or falling particle always moves along a geodesic.

The geodesic equation is:
d?x¥/dt? + THap (dx?/dt) (dxP/dt) = 0

where ‘T’ is a scalar parameter of motion like the proper time, and I'*y, is the
Christoffel symbol sometimes called the affine connection coefficients or Levi-
Civita connection coefficients which are symmetric in the two lower indices.

Where, indices |, a, and b varies from 0 to 3.
Here, Coordinates of the space-time are taken as (x°, x!, x?, x°)

Where, x° denotes the time coordinate and x*, x> and x® denote the space
coordinates.

Now, according to Einstein:

Ruv - Quv R/2 + AQuy = 871G T n/C*

These equations are known as Einstein Field Equations.
where,

:=) Ry is the Ricci curvature tensor

:=) R is the Ricci scalar

:=) guv IS the Metric tensor

:=) G is the gravitational constant

:=) C is the speed of Light

:=) Ty is the Stress-Momentum-Energy tensor
=)u=0,123andv=0,1,2,3

:=) A is the cosmological constant
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Einstein's field equations give the relation between space-time and Mass and
Energy. In the Einstein equation, LHS defines the Curvature of space-time and
RHS defines the Mass and Energy.

When there is no matter present in the space-time matrix, then the energy-
momentum tensor vanishes.

Hence, Einstein's equations for the vacuum will be,
Ruv= 0uv R/2 + AQuy

Now, for weak fields, A (cosmological constant can be neglected as it has a very
small value). Hence, we get,

Rw=0wR/2 or Ru=0

Wormbhole

A wormhole is a structure linking disparate points in spacetime and is based on
the special solution of the Einstein field equations. A wormhole can be visualized
as a tunnel with two ends at separate points in space-time (i.e., different locations,
different points in time, or both). Wormholes are consistent with the general theory
of relativity, but whether wormholes exist remains to be seen.

(Image credit: <a href="http://www.shutterstock.com/gallery-138187p1.html">edobric</a> <a
href="http://www.shutterstock.com/">Shutterstock</a>)

:=) Einstein-Rosen Bridge :

Einstein and Rosen phrased the concept of a bridge that can act as a link between
the two points located far in the universe. They suggested that by curving the
space-time matrix, this bridge can be made.
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Einstein and Rosen discussed two types of bridges:

1). Neutral Bridges: Neutral Einstein-Rosen bridge is the uncharged bridge given
by the Schwarzschild co-ordinates,

ds? = -(1 — 2M/r)dt? + dr?/(1-2M/r) + r?(de? + sin0d¢?)

However, this bridge doesn’t work for M < 0.

2). Quasi-charged Bridges: It is an electrically charged bridge of charge Q and
mass M. In Schwarzschild coordinates,

ds? = -(1-2M/r+Q?/r?)dt? + dr?/(1-2M/r+Q?/r?) + r¥(d0” + sin0d¢?)

:=) Morris Thorne Wormhole: Morris and Thorne assumed a traversable
wormhole that is spherically symmetrical, time-independent, and non-rotating.

According to Morris and Thorne, Schwarzschild coordinates will be given by:
ds? = -e2®dt? + dr?/(1-b/r) + r’de? + r’sin’ed¢?
Where ‘@’ and ‘b’ are the functions of the radial component ‘r’.

-> @(r) represents the Redshift function. It gives information about the change in
frequency of electromagnetic radiation in the gravitational field.

-> b(r) represents the shape function. It gives information about the shape and size
of the Traversable wormhole.

Now, here given Metric will be taken as spherically symmetrical and static and
hence it will be independent of time.

[JNRD2208014 International Journal of Novel Research and Development (www.ijnrd.org)



http://www.ijrti.org/

© 2022 IJNRD | Volume 7, Issue 8 August 2022 | ISSN: 2456-4184 | JNRD.ORG

Calculations for Ricci curvature tensor

We know that the Riemann curvature tensor (R%ss) is given by,

RY%y5 = OT%5/0X" - 0T %y/0x® + T%; T%5 - T%s [y ----- (1)

Where, T, = g™ (Ogmp/dx" + Ogmy/OX" - Ogpy/0X™) - (2)

{where, values of o, B, v, 8, 5 can be 0, 1, 2, 3 such that x° =t, x! =r, X2 =0 and

= )

Now, the Riemann tensor (R%,s) becomes Ricci Tensor (R,y) if two of its indices
become equal i.e o = .

Let, Ricci Tensors for the traversable wormhole be:

Roo, R11, R22, Rs3 such that,

(i) Roo = R%00 + RY010 + R%020 + R%030 ----- (3)

(ii) Riz = R%o01 + RY11 + R%121 + R%131 - (4)

(iii) R22 = R%02 + R1212 + R%22 + R332 ----- (5)

(iv) R3z = R%o3 + R1313 + R%323 + R3333 ----- (6)

Now, we will calculate the values of each Ricci Tensor.

(a) For Roo:

1) Taking, R%oo= 8T C00/0x° - AT C00/0x° + T T %0 — T %0 [0
Now,

=> For ol %o/0x°,

=> [%0= = g (Ogmo/Ox° + Ogmo/x° - Ogoo/Ox™)

=>T%0=0

=> O 00/0x°= 0 ----- 7

=> For I "o,

[%0=0=T"0

=> 0% =0 ----- (8)

=> From (7) and (8), we get, R%go =0 ----- (9)

2) Taking, RY10 = 0T 0o/0x! - 0T %01/0x° + T61 T%0 — 0 TC01
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=> For oI Yoo/0x2,

[0 = = g™ (Ogmo/Ox° + Ogmo/Ox° - Ogoo/Ox™ ----- (10)

Here, putting m=1,

Moo= % g*t (- 0goo/Ox?)

== (1-b/r) [- 8(-e*?)/0x] o' & & are derivatives b & ®)

Moo= % (1-b/r)(2D")(e*®) (b" & @" are double derivatives of b & ®)
=> Ol T0o/dx! = (L - b/r)[D"e2® + (D)2 2] + [(b - b'r)/r] (D'e2®)

For ol'%p1/0%°,

ol1/0x% = 0 ----- (11) (as metric is static)

For 51 T,

[o1 =~ G (Ogmo/Ox" + Ogm/Ox? - Ogo1/OX™)
Form=1lando=1

[ho1 = = g (Ogun/oxt + Ogan/ox* - Og1n/OxY)
=> Il = = g (Ogu/ox?)

=> ['lg; = (1/2r) (rb'— b)/(r-b)

Now,

00 = = 9" (Ogmo/Ox° + Ogmo/ Ox° - Bgoo/Ox™)
=> %0 = ~ g (- Ogoo/Ox™)
=>Form=1ando=1

=>T%0= —g* (- dgoo/x?)

=> [0 = (1-b/r) (P'e?®)

Hence, 51 0= 1/2r (rb' — b) (D'e*®) ----- (12)
For I'so 01

[0 = 2 GM™ (Ogmo/OX° + Ogmo/OX® - Ogoo/Ox™)

Form=1lando=0
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Ty = % gl (Bg10/0x° + Bg10/0X° - Bgoo/Ox1)
[0 = = g (- Ogoo/ox?)
T = (1-b/r) (@'e2?)
For I
[®o1 = = g™ (Ogmo/Ox* + Ogmu/0x° - Ogor/Ox™)
Form=0ando=0
[®o1 = 2 g% (Ogoo/Ox* + Ogon/Ox° - Ogor/Ox°)
[®01 = 2 g% (Ogoo/Ox)
=> 1"001 — (DI
Hence, we get
oo [0 = (1-b/r)(e22)( @')2 ----- (13)
From (10), (11), (12), and (13), we get
Rlo0= €2 [(1-b/r) (@" +(®'")?) + (b — b'r) DY/2r7] - (14)
3) Now, taking RZz0 = 0I'%00/0x2 - 01 %02/0x° + 247 T%0 - T'%60 T2
Now, here oI'%y/0x%2=0, oI %;/0x°= 0, and %50 I%p2 = 0

So, for "% [0

=> [Z5 = ~ g (Ogmo/0X” + Ogmal OX® - 0o/ OX™)
Form=2

[Z52 = = %2 (Ogao/OX? + Ogaal Ox° - Ogonl 07

[Z5 =~ g (Og20/Ox°)

=25, =1r

Now for g

0= (1-b/r) (®'e2®)

=> [25, %o = (1-b/r) (D'e*®)/r

Hence, R%020= (1-b/r) (D'e?®)/r ----- (15)

(4) Now, taking R330 = 0I"%00/0x3 - 01" 303/0x° + I'43 %00 — 350 03
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Now, here 0I30/0x3= 0 and oI'33/0x°= 0 and also I35 %9z = 0
For "33 "o,

—> [0 = (1-b/r) (D'e2®)

And,

—> T35 = % 0°™ (Ogmo/OX3 + Ogma/OX® - Dgey/Ox™)

Form=3andc =1

Bs=1r

=> 353 %0 = (1-b/r) (D'e?®)/r

Hence, R3030 = (1-b/r) (D'e?®)/r ----- (16)

Hence, from (9), (14), (15), and (16) we get,

Roo = (€2®) [(1-b/r) (®" + ( @")2) + (b — b'r) ®'/2r2 + 2(1-b/r) (®')/r ]

(b) For Ruz:

(1) Taking, R01 = T%1/6x° - AT04¢/0x + 060 T3 — 0% TO4
Here, oI'%1/0x°=0 {metric is static}
Now, taking oI'%10/0x}

=> Y%= % g% (Ogm1/0x° + Ogmo/Ox! - Og10/Ox™)
For m =0,

1= g% (Ogor/0x° + Ogoo/Ox’ - Ogio/Ox?)

=> 0= % g% (0goo/0x?)

=>4 = @'

=> A% p/ox! = P! ----- (17)

Now, taking I'%o I"°11

% = % 0% (Ogmo/Ox° + Dgmo/OX° - Dgoo/Ox™)
Form =0,

% = % g% (8200/0x° + Bgoo/OX - Dgn/Ox°)
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Foro =1,

[0 = = g% (Ogoo/Ox)

0= @

And,

[P11 =~ g (Ogm/Ox* + Ogm/Ox - Og1n/Ox™)
Form=1,

I®11 =2 g°' (9gu/Ox* + Ogun/Ox* - 9gan/OxY)
Foro=1

I°1 =~ g (Ogu/oxY)

=> Ty = (b'r — b)/2r(r-b)

=> 09,1 = @' (b'r — b)/2r(r-b) ----- (18)
Now, taking I'%; I'°1

[%1 = = g (Ogmo/Ox + Ogm/Ox® - Ogo/OX™)
Form=0and 6 =0,

%1 = = g (Ogoo/Ox)

o, = @

Now,

[¥10 =~ g° (Ogm/Ox° + Ogmo/Ox’ - Ogao/Ox™)
Form=0ando=0

I®10 = > g% (9goo/OxY)

1“(510 — CDI

=> [0 [%30 = (®")? ---- (19)

From (17), (18), and (19), we get,

R00; = - - (®')2+ @' (b'r — b)/2r(r-b) ----- (20)
(2) Taking, Rl11 = 0% 1/0xt - OTY1/0xt + [lgy [041 — Tloy 01y
=> Rl = 0 - (21)
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(3) Taking, R?121= 0I'%11/0x2 - O1'%12/0x* + 26, T°11 — %61 T°12
For oI'%11/0x2,
[2=0 => A%/0x%=0 - (22)
For oI?1,/0x%,
=> %1 = = g (Ogm/Ox? + Ogma/Ox* - Og1alOX™)
Form =2,
[? = = g2 (Ogar/0x + OganlOx* - Og1al0x?)
[? = - g2 (Ogoal0xY)
=>T2,=1r
=> OI'215/0x = -1/1? ----- (23)

Now, for 25, 14

=> 25y = 2 g (30X + Ogma/OX° - Ol OX™)
Form=2ando =1,

[Z = = g% (0g21/0x? + OgoolOx* - D120

Iy = % g% (0go2/OX)

e =1Ir

—> [0y, = % g™ (Ogm1/Ox* + dgm1/Ox! - Dg11/0x™)
Form=1~=o,

oy = % gt (Og1r/Oxt + Og11/0x* - Og11/0xY)

I = % g™ (0g11/0x")

=>I°y1 =~ (b'r — b)/r (r - b)

=> %y 11 = (b'r — b)/r? (1 — b) ----- (24)
Now, For, I'%;; %1,

=> [Z1 = = g7 (Ogmo/OX* + Ogm/OX - Ogo1/OxX™)
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Form =2,

[Z1 =~ g% (Ogao/Ox* + Ogor/OX° - 0go1/0x7)

Foro =2,

[Z1 =~ g% (9goalOx* + Ogor/Ox? - Ogot/Ox?)

[Z1 = - g% (9gonlOxY)

[ = 1r

Now,

[®1 = 2 g7 (Ogm/0x + Ogma/Ox’ - Ogra/Ox™)

For m=2= o,

[®17 = - g2 (Ogar/OX? + Ogoal O - Og1/0x?) = ~ ¢ (9822l Ox")
I°p=1/r

=> 25 %= 1/r? ----- (25)

Hence, from (22), (23), (24), and (25), we get,

Ry, = % (b'r — b)/r (r — b) ----- (26)

(4) Taking, R3131 = 0 311/0x3 - OT313/0xt + [343 011 — I3 I3
Now, forI3;=0 => 0oI®3/0x>=0 ----- (27)

For oI"%13/0x1,

I35 = 2 g3 (Ogm/0x® + Ogma/Ox* - Og1a/Ox™)

Form =3,
BP3=1/r = ol3g/oxt =-1/r? ----- (28)

Now for I35 %13

—T3, = % 0°™ (8gmo/OX3 + Agma/OX° - Dgo3/0X™)
Form=3 and o =1,

=>T3; = % 0% (Ogaa/ox™)

=> F353 =1/r

[JNRD2208014 International Journal of Novel Research and Development (www.ijnrd.org)



http://www.ijrti.org/

© 2022 IJNRD | Volume 7, Issue 8 August 2022 | ISSN: 2456-4184 | [JNRD.ORG

o = % o™ (Ogm/Ox* + dgm1/Ox: - Bg11/0x™)
Form=1=o0,=>1° 2% g*t (0g11/ox?)

=> %53 T = = (b'r — b)/r? (r - b) ----- (29)

For I3, 13,

[31 = = 0" (Ogmo/Ox* + Ogm/OX® - Ogo/OX™)

Form=3=oc

[%1 =~ g% (Ogsaldx* + Ogar/Ox° - Ogar/Ox%) = = g (Ogae/Ox)

31 =1/r

Now,

[®13 = 2 g7 (Ogm/0x° + Ogma/Ox’ - Ogrs/Ox™)

Form=3=o¢

P13 = ~ g% (Agan/0x° + Ogaa/x* - Og1a/Ox%) = = g (Ogae/Ox)
I°3=1/r
=> T3 I'°13 = 1/r? ----- (30)

From (27), (28), (29), and (30), we get,

R¥31 = — (b — b )/r (r - b) - (31)

From, (20), (21), (26), and (30), we get,

Ru1 = (1-b/r) 2 [(1-b/r)(-®" - (#')2) + &' (b'r = b )/2r2 + (b'r = b )/r3 ]

(c) For R22:

(1) Taking, R%oz = AT %5/x0 - AT%0/x2 + T0%0 T — [, T
Here, 0I'%,/0x°=0 ----- (32)

Also, %, =0 => T9%,T%y=0 ----- (33)

Also, T =0 => o0%/ox2=0 - (34)

For I'%, "%,
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=> [0 = = g (Ogmo/OX° + Ogmo/OX® - Ogq0/OX™)
By putting m=0 and o = 1, we get,
FOGO — q)l
And,
[ =~ " (Ogma/Ox? + Ogual O - Ogao/Ox™)
Putting m=1 and 6 = 1, we get,
["°2 = -r(1-b/r)
—> [0 % = -r @' (1-b/r) - (35)
From, (32), (33), (34), and (35), we get,
R%02 = -r @' (1-b/r) = r? [-®' (1-b/r)/r] ----- (36)
(2) Taking, R210= 0% 0/0x! - OT21/0%x% + TY61 T2 — Mg T
Now here, oI'*21/0x> =0 ----- (37)
Here, for olty/0x%,
Tp=b-t => ollyoxi=bl - (38)
Now for I'1 I,
[ =~ (b'r — b)/r (r - b)
And,
[Cn=b-r
=> I [ = — (b'r — b)/r ----- (39)

For I'ly, %4, we have

1“102 =b-r
And,
% =1/r

=>T1 I =(b -/ ---- (40)

From (37), (38), (39), and (40), we get,

R112 = (b'r — b)/2r ----- (41)

(3) Taking, R2x22 = 01'%22/0%x2 - O1'%22/0%x% + 252 T%2 — %2 T%2
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(4) Taking, R3530 = 0I399/0x3 - O393/0%x2 + 353 %9 — I3, %3
We get, R%3=b/r  ----- (43)
From (36), (41), (42), and (43), we get,

Re2 = r2 [-@' (1-b/r)/r + 5 (b'r = b)/r® + b/r]

Similarly, we have
R33 = Sin%0 R

Calculations for Ricci scalar

Here, R will be the Ricci scalar,
we Know,
Ry = Quv R/2
=> R = 29" Ry
=> R = 2[g%Rgo + g**R11 + g2Rz + g¥Ra3]
=> R = -[(1-b/r) (®" + (D)) + (b — b'r) D'/2r2 + 2(1-b/r) (D')/] +
[(1-b/F)(-D" - (12 ) + D' (b'r — b )/2r2 + (b'r — b )/r® ] +
[-®' (1-b/r)ir + % (b'r — b)/r® + bird] + [-®' (1-b/r)ir +
~ (b'r = b)/r +b/r?]
=> R = [~ 4(1-b/r) (@" + (")) + 2" (b'r — b)/r? — 8(1-b/r) (D')/r +
A(b'r — b)/r® + 4b/r%]
Hence, we get,
R =-4(1-b/r) (" + (')?) + 2 (b'r — b )/r?> - 8(1-b/r) (®')/r +
4(b'r — b)/r3 + 4b/r3
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Summary

From calculations, | get the equations of Ricci Curvature tensor for the
traversable wormhole and they are as follow:

(1) Roo = (€2°) [(1-b/r) (®" + (®')?) + (b = b'r) ®'/2r* + 2(1-b/r)(D')/r ]
(2) R11 = (1-b/r)2 [(1-b/r)(-®" - (@')2 ) + ®' (b'r—b )/2r2 + (b'r=b )/r? ]
(3) Rz =r2 [-®' (1-b/r)/r + % (b'r = b)/r3 + b/r3]

(4) R33 = Sinze Rzz

Through calculations, | get the following equation of Ricci scalar for the
traversable wormhole:

R =-4(1-b/r) (®" + (9')?) + 2®' (b'r - b)/r2 - 8(1-b/r) (®')/r +
4(b'r — b)/r3 + 4b/r3
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